An augmented generalized happy function S [c,b] maps a positive integer to the sum of the squares of its base b digits plus c. For b ≥ 2 and k ∈ Z + , a k-desert base b is a set of k consecutive non-negative integers c for each of which S [c,b] has no fixed points. In this paper, we examine a complementary notion, a k-oasis base b, which we define to be a set of k consecutive non-negative integers c for each of which S [c,b] has a fixed point. In particular, after proving some basic properties of oases base b, we compute bounds on the lengths of oases base b and compute the minimal examples of maximal length oases base b for small values of b.
Introduction
The concepts of happy number A007770 and generalized happy number [3, 4, 5] were generalized further [1] by allowing for augmentation, as follows. The function S [0, 10] is easily seen to have exactly one fixed point, while, depending on the values of c and b, the function S [c,b] may have zero, one, or multiple fixed points [2] . The case of zero fixed points is studied in Part I of this paper [2] , in which Baker Swart et al. prove that for each b ≥ 2, there exist arbitrarily long finite sequences of consecutive values of c for which S [c,b] has no fixed point.
In this work, we study the complementary case by considering sets of consecutive augmenting constants c for which S [c,b] has at least one fixed point and proving that, for each fixed b, the size of these sets is bounded. In Section 2, we define the concept of k-oasis base b, determine some initial properties, and prove a bound, for each b ≥ 2, on the lengths of oases base b. In Section 3, we define the concept of a k-mirage base b, prove that the maximal length of mirages base b bounds the maximal length of oases base b, and provide an algorithm for finding the maximal length of mirages base b. Finally, we use the above to determine the maximal length of oases (and of mirages) base b, for all b ≤ 20.
For later convenience, we note that if n i=0 b i a i is a fixed point of S [c,b] , then solving for c yields that
Thus, for a given base b and an arbitrary positive integer a, there is at most one augmenting constant, c, such that a is a fixed point of S [c,b] .
Fixed point oases
We begin by defining the key concept in this paper, a k-oasis base b, which is analogous to the concept of a k-desert base b, defined in Part I of this paper [2] .
Definition 2. For b ≥ 2 and k ∈ Z + , a k-oasis base b is a set of k consecutive non-negative integers c for each of which S [c,b] has at least one fixed point. An oasis base b is a k-oasis base b, for some k ≥ 1. The length of a k-oasis base b is k. Finally, let b ≥ 6 be even and let
Given a k-oasis base b, it is easy to produce additional k-oases base b. Proof. Fix b ≥ 2 and let {c + j|1 ≤ j ≤ k} be a k-oasis base b. For each j, 1 ≤ j ≤ k, let a(j) denote a fixed point of S [c+j,b] . Fix n ∈ Z + such that for each j, a(j) < b n . Then for each positive integer t and for each j, tb n + a(j) is a fixed point of
The following theorems provide properties of fixed points associated with values of c that are in the same oasis base b. Theorem 5 provides that unless two such fixed points are quite small, they must have the same number of digits, and Theorem 6 says that few of the digits of the fixed points may differ. These theorems are used in proving Theorem 7, which gives a general upper bound for the length of an oasis base b, and again in Section 3, in proving the correctness of a method we provide for improving this bound. We note that Theorem 5 is optimal in that fixed points of two and three digits, respectively, can have augmenting constants in the same oasis. For example, in base 16, the two-digit number a = 85 (16) has augmenting constant c = 44 and the three-digit number a = 10(15) (16) = 1 · 16 2 + 15 has augmenting constantĉ = 45. Clearly c andĉ are in the same oasis base 16.
Proof of Theorem 5. Consider the collection of all values of c in a fixed oasis base b, and the set of all fixed points of the happy functions base b with those cs as augmenting constants. Assume that two of these fixed points have different numbers of digits and at least one of them has more than 3 digits. Then there must exist augmenting constantsc andĉ in the oasis with |c −ĉ| ≤ 1, and fixed pointsā of S [c,b] withn + 1 > 3 digits andâ of S [ĉ,b] witĥ n + 1 =n + 1 digits. We may assume without loss of generality thatn <n.
In Thus, we have thatn
The largest possible value of (b − a 1 )a 1 occurs when a 1 = ⌊b/2⌋ and the largest possible value of (1 − a 0 )a 0 is 0. Thus,
Sinceā has more than three digits,n ≥ 3, and so [2, Theorem 4.2] implies that
Combining these and the fact that b ≥ 2 yields
a contradiction, completing the proof. Proof. Suppose for a contradiction that there exists an i ≥ 3 such that a i =â i . Then, at least one of a andâ has more than three digits, and so, by Theorem 5, a andâ have the same number of digits, say n + 1 > 3. We may assume, without loss of generality, that |ĉ − c| ≤ 1.
Fix j ≥ 3 maximal such that a j =â j . Then using Equation (1), we have
For i ≥ 2 and 0 ≤ x ≤ b − 1, the first derivative of the function f (x) = (b i − x)x is positive and decreasing. Thus, the function is increasing at a decreasing rate over the domain. Therefore, the smallest difference between the function values for two integer values of x occurs when x = b − 1 and x = b − 2. Similarly, the largest difference occurs when x = b − 1 and x = 0. It follows that
Since j ≥ 3 and b ≥ 2, this implies that
a contradiction. Thus no such i ≥ 3 exists, as desired.
If there exists a k-oasis base b, then
Proof. If b is odd, then, by Theorem 3, every oasis base b has length 1, which is less than b 3 /2 + b 2 /2 − b. So we assume that b is even. Let {c + j|1 ≤ j ≤ k} be a k-oasis base b. For each j, 1 ≤ j ≤ k, let a(j) be a fixed point of S [c+j,b] . By Theorem 6, the fixed points, a(j), differ in, at most, the rightmost three digits. Since each fixed point corresponds to exactly one augmenting constant, this implies an initial bound: k ≤ b 3 . But we can improve on this. Baker Swart et al. [ Since, for each of the k augmenting constants, c + j, there is a distinct fixed point, a(j), we conclude that the number of augmenting constants in the oasis is
as desired.
Maximal lengths of oases base b
In the previous section, we determined a general formula for an upper bound for the length of an oasis base b, for b ≥ 2. In this section, we present an algorithm for determining a new bound on this length, which, in many cases, can be shown to provide the precise maximal length of oases base b. A mirage base b may or may not be an oasis base b. We first provide a large class of mirages that actually are oases. Proof. Let O = {c + j|1 ≤ j ≤ k} be a k-oasis base b, and for each 1 ≤ j ≤ k, let a(j) ∈ Z + be a fixed point of S [c+j,b] .
First, consider the case in which each a(j) has 3 or fewer digits. Then for 1
Thus O is a k-mirage base b, and we are done.
Next, consider the case in which, for at least one value of j, a(j) has more than 3 digits. Then, by Theorem 5, all of the a(j) have the same number of digits, say n + 1 > 3. For each
and define
Further, since a(j) is a fixed point of S [c+j,b] , we have that
Thus, using equations (2) and (3), for each 1 ≤ j ≤ k,
Since the only value on the right-hand-side of Equation (4) dependent on j is j itself,
is a set of consecutive integers and thus is a k-mirage base b.
It follows from Theorem 10 that the length of the longest mirage base b bounds the length of the longest oasis base b. Since each element in a mirage is generated by a fixed point between 0 and b 3 exclusive, the maximum length of a mirage base b can be determined by a direct computer search. Formalizing this algorithm: in order to determine, for some fixed b ≥ 2, the maximal length of a mirage base b, and to check whether this is necessarily equal to the maximal length of an oasis base b, the following steps suffice. We carry out this algorithm for all even bases 2 ≤ b ≤ 20, in each case finding a maximal oasis base b. We summarize the results in the following theorem.
Theorem 11. The maximal lengths of oases base b for bases 2, 4, and 6, are 2, 6, and 5, respectively; the maximal length of oases base b for bases 8, 10, 12, 14, 16, and 18 is 8; and the maximal length of oases base 20 is 9.
In Table 1 we provide, for each even base, 2 ≤ b ≤ 20, the minimal example of an oasis of maximal length, along with the smallest fixed point of the augmented happy function determined by each augmenting constant in the oasis.
